This paper presents a method for structural damage localization based on signal processing using generalized S-transform (S GS ). The S-transform is the combinations of the properties of the short-time Fourier transform (STFT) and wavelet transform (WT) that has been developed over the last few years in an attempt to overcome inherent limitations of the wavelet and short time Fourier transform in Time-Frequency representation of non-stationary signals. The generalized type of this transform is the S GS -transform that has adjustable Gaussian window width in the time-frequency representation of signals. In this research, the S GS -transform has been employed due to its favorable performance in detection of the structural damages. The performance of the proposed method has been verified by means of three numerical examples and also the experimental data obtained from the vibration test of 8-DOFs mass-stiffness system. By way of the comparison between damage location obtained from the proposed method and simulation model, it was concluded that the method is sensitive to the damage existence and clearly demonstrates the damage location.
Introduction
Structural health monitoring has become an evolving area during the recent years with an increasing need to assure the safety and functionality of structures. It can be stated that the importance of structural health monitoring is to ensure the serviceability and safety of structures during their service life and of course taking appropriate and timely actions for maintenance and retrofitting of them. In the past few decades, using signal processing tools in structural health monitoring has risen considerably due to recent advances in the field of sensors and other electronic technologies [1] . These advances provide a wide range of response signals such as velocity, acceleration, and displacement caused by low-to highintensity earthquakes and environmental loads. Doubling et al. [2] provided a comprehensive history of structural health monitoring methods together with efficiencies and disadvantages of each method. Sohn et al. [3] presented comprehensive literature reviews of vibration-based damage detection and health monitoring methods for structural and mechanical systems.
Signal-based methods investigate changes in the features derived from the measured time seies or their corresponding spectra using proper signal processing tools. One of the most commonly used signal processing techniques is the Fast Fourier Transform (FFT) which transmits signals from the time domain into frequency domain. In other words, evaluating the FFT of a signal results in a graph in the frequency domain by taking into account the average size of each spectral amplitude assessed on the entire length of the analyzed signal. It is evident that the transient phase of the signal, which appears to be a fraction of the whole signal, is entirely distorted [4] . Therefore, the FFT is not a proper tool for processing of nonstationary signals. Non-stationarity of the recorded signals is not just due to the damage in structures; even the non-stationarity of the input and the possible interaction with the ground or adjacent structures can show the ineffectiveness of classic techniques [5] . A large number of researchers have developed methods to overcome the above-mentioned problems of the FFT in processing of non-stationary signals. The short-time Fourier Transform [6, 7] , the complex demodulation technique [8] , and the generalized time-frequency distribution (GTFD) which was proposed by cohen [9] are examples of these methods.
In recent years, extensive research has been carried out in the field of structural health monitoring utilizing the decomposing features of wavelet and wavelet packet transforms. Ovanesova and Suarez [10] used wavelet transform to detect cracks in a one-story plane frame. They investigated the effectiveness of wavelet analysis for the detection of cracks by using numerical examples. Ren and Sun [11] used the combination of wavelet transform and Shannon entropy to detect structural damage from vibrational signals. They used wavelet entropy, relative wavelet entropy, and time-wavelet entropy as damage-sensitive features for the detection and determination of the damage location. Several recent studies investigating wavelet-based methods can be found in [12] [13] [14] [15] .
Wavelet and wavelet packet transforms have some imperfections such as unavailability of the width of time-frequency window for all frequencies which is inevitable for having windows with adjustable width [16] . These transformations present some advantages compared with the FFT and the STFT but do not allow a fair assessment of the local spectrum. In other words, these instruments are insufficient to a correct evaluation of the spectral characteristics, taking into account the instantaneous variations [4] .
Stockwell et al. [17] introduced a new transform (S-transform) that combines the characteristics of short-time Fourier transform (STFT) and wavelet transform. Unlike wavelet transform, the S-transform preserves phase-referenced information. This transform has been used by some researchers in various fields such as seismology [18, 19] . In structural health monitoring for the first time, Pakrashi and Ghosh [20] used the S-transform to detect cracks in beams. Ditommaso et al. [21, 22] introduced a filter based on S-transform to process the response signals taking into account the evolution of dynamic characteristics of structures over time. Ditommaso et al [23] have recently developed a methodology for damage assessment and localization of framed structures subjected to strong motion earthquakes. In this method, information related to the evolution of equivalent viscous damping factor and mode shape is extracted from the recorded signal using a band-variable filter and Stockwell Transform. Then, from the fundamental mode shapes, evaluated before, during and after the seismic event, the modal curvature variation is quantified and damage location identified.
With all the advantages over all other transforms, such as wavelet and short time Fourier transform, the S-transform also has some disadvantages that one of them is an invariable window which has no parameter to allow its width to be adjusted in the time or frequency domain. To overcome this problem, generalized S-transform was introduced with adjustable time and frequency resolution.
In this paper, generalized S-transform is presented to detect the presence and location of damage in structures. Here, first wavelet transform and S-transform are presented, and then their differences in the time-frequency representation signal are expressed in the form of a simple example. Afterward, the generalized S-transform is introduced, and the damage detection procedure is explained by taking advantage of this transform. The efficiency of the proposed method for damage detection is examined in three different numerical examples.
Furthermore, the experimental data from the vibration test of a mass-stiffness system are used for verification of the proposed approach. The results revealed that the proposed method is robust and efficient for detection and localization of damage.
Signal Processing Tools

Wavelet transform
The wavelet transform is a method of converting a signal into another form which either makes certain features of the original signal more amenable to study or enables the original data set to be described more succinctly. There are, in fact, a large number of wavelets to choose from for data analysis. The best one for a particular application depends on both the nature of the signal and what we require from the analysis [24] . The wavelet transform of a continuous signal () ftcan be expressed as follows [25] :
Where a and b are scale and transformation parameters, respectively. 
S-Transform
The S-transform produces a time-frequency representation of a time series. It uniquely combines a frequency-dependent resolution with simultaneously localizing the real and imaginary spectra. This transform was introduced by Stockwell et al. [17] .
The continuous S-transform of a function h( t ) with Gaussian window is defined as follows:
Where the Gaussian window (w) is defined as:
In Eq. (2) [16] .
The Gaussian window is chosen due to the following reasons [16] : 1-It uniquely minimizes the quadratic time-frequency moment about a time-frequency point. 2-It is symmetric in time and frequency. The Fourier transform of a Gaussian function is a Gaussian. 3-Using it, none of the local maxima in the absolute value of the S-transform is an artifact.
The width of the Gaussian window changes with1/ f . This change creates distributions with different time-frequency resolutions. However, the value of 1 /f is constant and t be adaptively adjusted with frequency distribution of signal. The S-transform uses a window with variable width, so the time window is wider at the low-frequency band to gain higher frequency resolution. In the contrary, the time window is narrower at the high-frequency band to obtain higher time resolution.  is the center of the window and determines the location of Gaussian window at time axis.
Both S-transform and wavelet transform have the characteristic of multi-resolution. The Stransform is similar to the wavelet transform in having a progressive resolution but unlike the wavelet transform, the S-transform retains absolutely referenced phase information and has a frequency invariant amplitude response. Also, the role of phase in wavelet analysis is not as well understood as it is for the Fourier transform [16] . In addition, wavelet reconstruction leads to information leakage, while the S-transform is nondestructive and reversible.
The synthetic signal shown in Figure 1 is composed of two sinusoidal waves with frequencies 10 and 50 Hz, respectively. The signal length is 512 ms with the sampling interval of 2 ms. Figure 1on the left side shows the time-frequency distribution of the wavelet transform with db6 mother wavelet function. The S-transform of the proposed signal is also shown on the right side of Figure 1 . It is clear that the S-transform reflects the time-frequency representation of the synthetic signal more precisely.
Generalized S-Transform
The generalized S-transform is defined as follows [26] :
Where G w is a Generalized Gaussian window. By applying appropriate p factor in Eq. (3) G w is given by:
The positive parameter p is the width factor in centralizing of the Gaussian window that controls the width of the Gaussian window. A sinusoidal function, as an example, with a period of 10 seconds includes a Gaussian window with 10  p width. In special case Eq. (2) is obtained if
If w is an S-transform window, it must satisfy four conditions [27, 28] . These conditions are [28] :
The first two conditions ensure that, when integration is carried out over all , the Stransform converges to the Fourier transform:
The third condition can ensure the property of symmetry between the shapes of the Stransform analyzing function at positive and negative frequencies. Above listed conditions, provide an appropriate relationship between S-transform and Fourier transform.
In Eq. (5) if 1  p then the Gaussian window in the time domain expands, thus, the temporal resolution decreases and the frequency resolution increases but when 1  p the reverse of the action happens. Figure 2 shows Gaussian window at different values of p and 3Hz f  . As it can be seen, with increasing the amount of p, the width of Gaussian window in the time domain decreases.
Generalized S-Transform Methodology for Damage Detection
The main idea of the method is based on the assumption that due to the effect of incoming loads, damages cause discontinuities in the structural deformation curve that most of these discontinuities are not detectable through the observation of the recorded response signals. As will be explained, the signal used here is the deformation signal of the structure as a function of node number. Discontinuous points of the signal can be detected with high accuracy by generalized S-transform with increasing temporal resolution and decreasing frequency resolution. This feature can be used in Discontinuity detection of the deformation signal. Here the time axis is replaced by the number of nodes.
To detect the presence and location of damage in structures by using S GS -transform, the following procedure is introduced:
1-The structural response signals are measured in the desired degrees of freedom in both healthy and damaged structures under applied loads. In beams, the vertical and in frames the vertical and lateral displacements are usually considered.
2-The time of maximum displacement is obtained in healthy structure ( max
D t
). It can be used as a basis of action for damage detection. In multi-span beams, the maximum vertical displacement at the midspan of the beam and in frames columns and beams, the maximum lateral and vertical displacements are employed for detection and localization of damage, respectively. 3-The total structural deformation signal is calculated of in both undamaged and damaged states. In the continuous beams, deformation signal is achieved through using vertical displacement response of all nodes in max D t . Also in the frame, this signal for both lateral and vertical displacement is achieved through using calculated responses in all frame nodes in max D t . 4-The Structural deformation signals are processed in both undamaged and damaged states, and S GS -transform coefficients (S GS -transform matrix) are achieved using generalized S-transform. In this paper p=0.5 and p=0.25 is proposed for damage detection in frame and beams, respectively. This matrix includes N rows and M columns that M is equal to the number of nodal points, and the number of each column represents the node number in the original structure. S are the absolute values of the elements of the ith row and jth column of the S GS -transform Matrices which is calculated in step 4 for both undamaged and damaged states. 6-Damage matrix elements have high sensitivity to abrupt changes and discontinuities in the deformation signal resulted from stiffness changes in adjacent elements at high frequencies, so, the damage location can be determined by plotting the lower half of the damage matrix spectrum against the node numbers. These rows of the damage matrix are related to high frequencies. The flowchart of the proposed algorithm is shown in Figure 3 .
Numerical study
The capability of the S-transform in structural damage identification and localization is demonstrated with three numerical examples. Numerical examples include a 3-span continuous beam with two fixed ends subjected to harmonic load with the resonant frequency, a 5-span continuous beam with two fixed ends subjected to impact loading and a 4-story 1-bay steel moment resisting frame under seismic loading. The purpose of using different loading types is to demonstrate the capability and accuracy of the proposed algorithm in processing of response signals caused by applying various loading types.
Since in the proposed examples the structural performance is flexural, all damage scenarios are considered as a reduction of the bending stiffness (EI) in percentage. Structural damping has been considered based on Rayleigh damping with 0.05  . In this section, the damage patterns in structural elements like beams and columns have been selected in such a way to simulate the occurred damage as a result of low-cycle fatigue caused by earthquakes (example 3) or high-cycle fatigue caused by the presence of permanent loads on the bridges (examples 1 and 2). 
Three-Span Continuous Beam
Model Description

, respectively. The distributed mass with the intensity of 3260 kg/m is also considered. The performance of the 3-span beam in load bearing is very similar with multi-span bridge with continuous deck [29] . In this example, a harmonic load with resonant frequency is applied to excite the beam. According to the studies that have been conducted by Alwash et al. [29] , harmonic excitation at a resonant frequency of a 3-span beam with two fixed ends presents credible information for damage detection in multi-span bridges. Analysis of the beam under incoming loads is done using finite element method in Matlab software. In this regard, the presented beam in Figure 4 is subdivided into 54 finite elements with equal length in such a way that each of the end nodes of the elements has two vertical and rotational degrees of freedom.
Harmonic loading
To apply a harmonic load, natural frequency of the first mode of vibration should be calculated. The estimated value for the first mode natural frequency is 10.6 Hz which is obtained from eigenvalue analysis. Therefore, harmonic excitation with the 1000 N amplitude and the frequency equal to the first mode natural frequency is applied in the middle of the second span of the beam. The time history of the harmonic excitation is shown in Figure 5 . Also, the considered damage patterns are listed in Table 1 .
Here, undamaged and damaged structures are analyzed under the mentioned loading condition. Figure 6 represents the beam deflection curve in max D t both in undamaged and damaged states for damage pattern 4. The damage matrix of the beam which is obtained from Eq. (11) includes 55 columns (the number of nodes) and 27 rows.
In Figure 7 , the spectrum of the rows 15 to 27 of the damage matrix is shown on the right side, and the diagram related to the entries of the rows 23, 25 and 27 is demonstrated on the left side for all damage patterns. In Figure 7 , all the horizontal axes represent the node numbers. According to the Figure 7 , it is observed that the location of all damaged elements has been identified with high accuracy. For example in the damage pattern 4, the number of damaged elements is 4 and as the result shows the location of damaged elements is precisely detectable.
Five-Span Continuous Beam
Model Description
In the second example, a five-span continuous beam with fixed supports at both ends (A and F supports) is investigated (Figure 8 ). Geometric and material properties of the beam are the same as 3-span beam explained in example 1. The distributed mass with the intensity of 3260 kg/m is also considered in this example. To excite the beam, an impact load with a halfsine pulse is applied [29] . Analysis of the beam under incoming loads is conducted using finite element method. For this purpose, the beam shown in Figure 8 is subdivided into 75 finite elements with equal length in such a way that each node at two ends of the element has two (vertical and rotational) degrees of freedom.
Impact loading
The time history of the impact load is shown in Figure 9 . The impact load amplitude is 100 N that is applied to the structure as a half-sine pulse within 0.05sec. The point of action is in the middle of the third span at a distance of 3 meters from support C. The considered damage scenarios for impact excitation are demonstrated in Table 1 . The damaged and undamaged structures are analyzed under the considered damage scenarios and deformation curves at max
are obtained for each of the patterns. Figure 10 represents the beam deflection curve in max D t both in undamaged and damaged state for damage pattern 2. Similar to the example 1, damage matrix is obtained through Eq. (11) for each damage pattern. The resulting damage matrix includes 76 columns and 38 rows for each of the patterns. In Figure  11 , the spectrum of the rows 25 to 37 of the damage matrix is shown on the right side, and the diagram related to the entries of the rows 33, 35 and 37 is shown on the left side for all damage patterns. In Figure 11 , all the horizontal axes represent the node number. In this example, according to the damage patterns listed in Table 1 , it is observed that the location of all damaged elements has been identified with high accuracy. For example in the damage pattern 3, the number of damaged elements is 3, and according to the Figure 11 , the location of damaged elements has been accurately detected.
Plane Frame
Model Description
In this example, a 4-story 1-bay moment-resisting frame (Figure 12 ) is chosen to evaluate the effectiveness of the proposed method. The Span length is 6 m, and the height of all stories is the same and equal to 3 m. The geometric properties of the members are represented in Table 2 . The modulus of elasticity is E=200 GPa, and the distributed mass with the intensity of 3260 kg/m is considered for all story levels. This intermediate steel moment-resisting frame is designed based on the Iranian Seismic Code (Standard 2800-3rd edition) and volume 10 of the Iranian National Building Codes, steel structure design. The earthquake lateral force, effective on this frame is calculated by equivalent static method. It was assumed that the model is located in a high relative hazard area with 0.3g base design acceleration and the soil type III (according to standard 2800). In addition, the occupancy importance factor of the structure is considered as moderate. In the extraction of the spectral parameters, the damping ratio is presumed to be 5%.
After completion of the design process, the frame is analyzed in both intact and damaged states under the applied seismic load using finite element method. In this regards, the frame shown in Figure 12 is subdivided into 120 finite elements in such a way that each element in beam and column is 0.5 m and 0.333 m, respectively. Each node at both ends of the element has vertical and rotational degrees of freedom.
Seismic loading and considered damage scenarios
After earthquake occurrence, detection of the presence, location, and severity of damage are the major steps in the assessment of structural condition. After a major earthquake in a region, numerous aftershocks with low magnitude (PGA 0.1g)  occur, which can also be said that structures at the low-intensity aftershocks will not suffer any damage. Thus, it is possible to use aftershocks as an incoming excitation in the detection of occurred damage in major earthquakes.
In Figure 13 , Tabas ground motion (Sade Station) and Fourier spectrum related to this excitation are demonstrated. The considered damage pattern for seismic loading is listed in Table 3 . Damaged and undamaged structures analyzed under the considered damage patterns and the deformation signals in both horizontal and vertical degrees of freedom in max Figure 14 for the damage pattern 2. Then, according to the algorithm described above by using Eq. (11), the damage matrix is obtained for each of the damage scenarios of the frame in both directions. Since the number of nodal points in this structure is 118, the damage matrix dimension for each of the patterns includes 118 columns and 59 rows. In Figure 15 the damage matrix spectra for the detection of damages in beams are demonstrated on the right side and the elements related to the rows 55, 57 and 59 of the damage matrix are demonstrated on the left side for all damage patterns. In Figure 15 all the horizontal axes represent the node number. According to the damage patterns in Table 3and Figure 15 (R-2, R-4, R-6, R-8, R-10), it is observed that all the damage elements in beams have been accurately detected, while there is no sign of damage in columns. Due to the high axial stiffness of the columns, recorded deformation signals in the vertical direction are not appropriate for damage detection in columns. In a similar way, R-1, R-3, R-5, R-7 and R-9 in Figure 15 are the damage matrix spectra related to the damage in frame columns. It is apparent that all the damage elements in columns have been detected precisely, while there is no sign of damage in beams and this is due to the low sensitivity of the generalized S-transform to lateral displacement in beams.
Experimental study
In the previous section, the damage detection method was demonstrated through some numerical simulation studies. However, it is useful to examine the experimental performance of the proposed method using measured data from an experimental study. To evaluate the efficiency of the suggested approach, the time history result of a mass-spring system with 8-DOFs subjected to impact load is employed.
The 8-DOFs mass-spring system which tested by Duffey et al. [30] is formed with eight translating masses connected by springs. The analytical and experimental models of the 8-DOFs mass-spring system are presented in Figure 16 and Figure 17 , respectively. The undamaged configuration of the system is the state in which all springs are identical and have a linear spring constant. The nominal values of the system parameters are as follows: m1= 559.6 g (This mass is located at the end and is greater than others because the hardware requires attaching the shaker), m2 through m8 =419.5 g and spring constants are 56.7 kN/m. Damage is simulated by replacing an original spring with another spring which has a spring constant 14% less than that of original in spring 5 [30] .
The time history of acceleration responses which are registered by installed sensors in each degree of freedom and supports are obtained in this experiment. Structural displacement response signals are obtained by using numerical integration of the acceleration signals. To detect the location of damage from displacement signals in max D t , first, signal resolution is enhanced by using a spline interpolation technique. For this purpose, the signal is interpolated with a finer increment of 0.1. Then, according to the proposed algorithm, damage matrix of the 8-DOFs mass-spring system is calculated through Eq. (11) .
The damage matrix spectrum of the experimental 8-DOFs system and the diagram related to the entries of the rows 31, 33 and 35 are shown in Figure 18 . The obtained results indicated that the proposed algorithm can be used as a robust and viable method for damage detection of real structures.
Conclusions
In this study, an effective method based on structural deformation signal processing has been introduced. In the proposed approach, the generalized S-transform is employed for identification and localization of structural damage. Due to the following reasons, the S GStransform is a more powerful tool than wavelet transform in time-frequency representation and signal processing:
1-The S GS -transform uses frequency parameter instead of the scale parameter. 2-Wavelet reconstruction leads to information leakage, while the S GS -transform is nondestructive and reversible in signal reconstruction. 3-The major difference of these two transform is the S GS -transform comprising phase factor. In other words, the S GS -transform retains absolutely referenced phase information. 4-The S GS -transform exhibits a frequency invariant amplitude response, in contrast to the wavelet transform. To validate the efficiency and applicability of the proposed method, a numerical study on damage localization was performed using three examples. Examples include a 3-span beam under the harmonic load, a 5-span beam under the impact load and a 4-story 1-bay moment frame under the seismic loading. Furthermore, the experimental data from the vibration test of a mass-stiffness system were used for verification of the proposed approach. The obtained results indicated the robustness of the applied method in satisfying the main goals of damage detection in both numerical and experimental studies. 
